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Introduction

Abstract. Diffuse correlation spectroscopy (DCS) is a noninvasive method to quantify tissue perfusion from
measurements of the intensity temporal autocorrelation function of diffusely scattered light. However, DCS auto-
correlation function measurements in tissue better match theoretical predictions based on the diffusive motion of
the scatterers than those based on a model where the advective nature of blood flow dominates the stochastic
properties of the scattered light. We have recently shown using Monte Carlo (MC) simulations and assuming
a simplistic vascular geometry and laminar flow profile that the diffusive nature of the DCS autocorrelation
function decay is likely a result of the shear-induced diffusion of the red blood cells. Here, we provide theoretical
derivations supporting and generalizing the previous MC results. Based on the theory of diffusing-wave spec-
troscopy, we derive an expression for the autocorrelation function along the photon path through a vessel
that takes into account both diffusive and advective scatterer motion, and we provide the solution for the
DCS autocorrelation function in a semi-infinite geometry. We also derive the correlation diffusion and correlation
transfer equation, which can be applied for an arbitrary sample geometry. Further, we propose a method to
take into account realistic vascular morphology and flow profile. © 2017 Society of Photo-Optical Instrumentation Engineers
(SPIE) [DOI: 10.1117/1.JB0.22.2.027006]

Keywords: diffuse correlation spectroscopy; diffusing-wave spectroscopy; scattering; random media; autocorrelation function; blood
flow; correlation transfer equation; correlation diffusion equation.

Paper 160850R received Dec. 12, 2016; accepted for publication Jan. 30, 2017; published online Feb. 24, 2017.

along the blood vessels and shear-induced RBC diffusion.

Diffuse correlation spectroscopy (DCS) is a method for meas-
uring blood flow based on diffusing-wave spectroscopy (DWS)
in heterogeneous multiple-scattering media.'> By measuring the
intensity fluctuations of light diffusely reflected from tissue,
DCS offers a measure of microvascular blood flow and has
been successfully validated against other blood flow measure-
ment techniques, such as arterial spin labeling, magnetic
resonance imaging,>® Doppler ultrasound,”® xenon-enhanced
computed tomography,’ and fluorescent microspheres.'®

The analysis of the DCS signal obtained in the validation
studies cited above implies that diffusion-like red blood cell
(RBC) motion largely defines the shape of the intensity autocor-
relation function, while the effect of the advective (sometimes
referred to as convective) RBC motion is significantly
smaller.''? Lacking a first principles-based understanding of
the nature of the measured signal, DCS has been employed
to provide a “blood flow index” obtained by fitting the intensity
autocorrelation decay for the RBC “diffusion coefficient,” which
has been shown to correlate well with the relative changes in
blood flow as mentioned above.

Recent articles have indicated that shear-induced diffusive
RBC motion may contribute to the DCS signal,'*" providing
a possible mechanistic explanation for the observed diffusion-
like RBC motion in the decay of the intensity autocorrelation
function. Here, we provide a theoretical model for the DCS sig-
nal based on DWS that includes both advective RBC motion

*Address all correspondence to: Sava Sakadzié, E-mail: sava.sakadzic@mgh.
harvard.edu
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In a recent article, we have shown using Monte Carlo (MC)
simulations and assuming a simplistic vascular geometry and
laminar flow profile that the diffusive nature of the decay of
the DCS autocorrelation function is likely the result of the
shear-induced diffusion experienced by RBC during vascular
transport.'* Here, we provide theoretical derivations supporting
and generalizing the previous MC results. We derive expressions
for the autocorrelation function along the photon path that take
into account both diffusive and advective motions of the scatter-
ing particles and provide the solution for the DCS autocorrela-
tion function in a semi-infinite geometry. Our model predicts
that for all source—detector separations commonly applied in
DCS measurements, the DCS signal is, as expected, dominated
by the shear-induced RBC diffusion. We also provide an expres-
sion for the DCS signal in a realistic vascular network with
a heterogeneous distribution of vessels with different diameters
and average blood flows. Finally, we derive the expressions for
the correlation transfer equation (CTE) and correlation diffusion
equation (CDE), which can be used to model the DCS signal in
tissue with a complex geometry and heterogeneous blood flow
distribution.

2 Phase Accumulation in a Vessel

In this section, we consider the optical phase accumulation
along the scattering path through a single blood vessel.
We assume that a partial wave scatters first from a scatterer at
location r, outside the vessel, then experiences N consecutive
scattering events from RBCs located at ry, --- ry inside the
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vessel, and finally exits the vessel scattering at location ry
outside the vessel. The accumulated optical phase ¢(¢) along
this path is given as

N+1

¢(1) =Y konlr;(1) =1y (1)), (1)
i1

where n is an optical index of refraction, ky = 27/, 4y is the
wavelength of light in a vacuum, and |r| represents the vector
magnitude. Equation (1) can be approximated as

N+1 N+1

P(1) ~ Z konl;o Z kon®; - [Ar;(1) = Ari_y (1)), ()
P P

where fz,. = (r;o —Ti_10)/lio, Tip is i’th scatterer position at
t=0, lig=r;o =119l ri(t) =19+ Ar,(7), and Ar,(7) is
a small displacement of the i’th scatterer at time ¢ with respect
to its original position r; . If we further assume that only scat-
terers inside the vessel exhibit motion [i.e., Ary(#) =0 and
Ary(t) = 0], then it follows from Eq. (2) that the difference
of the accumulated phase Ag(t,7) = ¢(r + 7) — ¢(¢) is given as

N

A(t.7) = kong »_ Ari(t.7) - (& — Q1) 3)
i=1

where Ar;(t,7) = Ar;(t 4 7) — Ar(1).

The temporal electric field (E) autocorrelation function g, (7)
is computed as g,(7) = (E(t)E*(t + 7)) = (exp[—iAp(t,7)]),
where () represents an ensemble average and i is the imaginary
unit. In the case of a small phase difference term A¢(t,7),
the autocorrelation function can be approximated as g, (7) ~
exp[—1 F(z)], where F(7) = (A¢?(1,7)).

To compute F(t), we first assume that Ar;(z, 7) in the vessel
can be expressed as

Ari(t, T) = Arin(T) + V7T, (4)

where v; represents a laminar RBC velocity of the i’th scatterer
and Ar;p(t,7) accounts for the diffusive RBC motion due to
shear flow. We can now express F(r) as

F(7) = Fp(7) + Fy(7) + Fpy(7), 5

where a diffusion term Fp(7) is given as

r N 2
Fole) = (| aro0) - @-9i0] ). @
Li=1

a velocity term Fy(7) is given as

rN

2
Fy(r) = k(2)”2< ZTVz‘ (@i - QH—I)] > %)

Li=1

and a mixed term Fp vy (7) is given as

FD,V(T) = k(z]nz <2

N
Z Arip(z) - (Q; - Q1)
pm

>. (8)

Journal of Biomedical Optics

027006-2

Due to isotropic diffusive motion, the diffusive and advective
motions are uncorrelated; thus, the mixed term Fpy(7) = 0.

2.1 Diffusion Term

To compute the ensemble average in Eq. (6), we first consider
that the probability density function for diffusive RBC motion
can be approximated as'

L e[ -2nnt)

P[Ar;p(7)] = W 4D;t

(€))

where D; is the RBC diffusion coefficient due to the shear flow
at location r; . Since the diffusive displacements Ar;p(7) and
Ar;p(7) of RBCs involved in consecutive scattering events are
uncorrelated, Eq. (6) can be reduced to

N
A A 2
Fp(z) = kon? ZQAH,D(T) (= Qi )[). (10)
i=1

The ensemble average on the right side of Eq. (10) can be
calculated as
4
-z
3

+o00 4

x [T p(arplAT ol x|

=4(1-g)Dr. 11

<|Ari,D(T)(éi - ﬁi+|)|2> = <|Qz - Qi+l |2>

where g = <ﬁ, . f!i +1) is a scattering anisotropy coefficient.
Equation (10) can be subsequently written as

N
Fp(c) = kin*4(1 - g)r>_ D;, (12)

i=1

which is a generalized form of the well-known equation for the
autocorrelation phase term for multiple scattering in the case of
Brownian motion in a uniform medium

_ kjn*4Dyzs

Fp, (1) = T (13)

where Dy is the diffusion coefficient for Brownian motion, s is
the path length of light, and /; is the transport mean free path.
Note that the path length of light, s, divided by /; is the average
number of “isotropic” photon random walk steps (N.), which is
related to the number of scattering events by N, = (1 — g)N.

2.2 \Velocity Term

The anisotropy factor g for light scattering from RBCs is quite
high (g > 0.95'). This implies that the phase increments along
the scattering path through the vessel are correlated, which
makes calculation of the velocity term expressed by Eq. (7)
more complex. We will start the calculation by assuming with-
out loss of generality that the vessel axis is parallel with the
Z-axis such that velocities v; can be expressed as v; = v;Q,,
where €, is a unit vector along the Z-axis. We can thus
write Eq. (7) as
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v (i —xi) (X =xj41)), (14

where x; = QZ . f!,«. To calculate the ensemble averages in
the above equation, we will follow the procedure outlined in
SakadZi¢ and Wang.!” We assume that the probability of a ran-
dom walk p(l;,...,ly) through the vessel can be expressed as

N+1

,coS Oy.1) H p(l;).

J=1

p(L, .. yy) = f™D(cos 6, . ..

as)

wherel; = [ ,»f!,- is the vector given by the free path between scat-
terers i — 1 and i (i.e., |, =r; —r;_), p(l;) = ps exp(—psl;) is
the probability density of the free path [;, y is the scattering
coefficient, and N+ (cos 6;,...,cos Oy,) is the probability
density function that the scattering path follows a Markov
chain of scattering angles 6., ..., 0y.. f¥*1() can be further
represented as

FN(cos 6, ...,cos Oy.p)

N
s(cos 0y) H (cos 6;,cos 0,), (16)

where p,(cos 6;) is the probability of the initial photon direc-
tion conveniently set to 0.5. f((cos 6;,cos 6;;) is thus given
as

“R2m+1
f(2> (COng,COS 91+1):Z%gmpm (COSH_/')PW:(COS 9_i+l)7

m=0
a7

where g, is the m’th moment of the scattering phase function
and P,,(cos 0) is a Legendre polynomial. We further assume
that scattering angles can be described by the Henyey—
Greenstein phase function (i.e., g,, = ¢"). By following the der-
ivations from SakadZi¢ and Wang,'” one can show that (x?) =
1/3 and (x;x;,,) = ¢"/3. Therefore, Eq. (14) can be expressed
as

N

FV()*k%nT— l-g Zv

i=1

N
k(z)nzf2 = E

i=2 j=I

i—1
vvg‘fl (18)

l\)

2.3 Approximate Solution

If we make several assumptions that are consistent with realistic
soft biological tissue properties, we can significantly simplify the
expressions for Fi(7) and Fy (7). We first assume that absorption
inside the vessel has a negligible influence on the radiance dis-
tribution, which is expected given that the absorption length in
blood is ~2 to 4 mm at the optical wavelengths in the 780- to
850-nm range typically used in DCS measurements.'® Next,
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we assume that both the measured tissue volume and the partial
volume of blood are large such that light propagation is diffusive,
that vessels are penetrated by photons from a sufficient number of
angles to reproduce the ensemble averaging in our calculations,
and that multiple scattering within larger vessels results in effec-
tive sampling of all radial locations. Under such conditions, pho-
tons have an equal probability of scattering from each location
inside the vessel, and the location-specific terms v; and D;
can be replaced by their average values, as we observed and doc-
umented in our previous MC-based study.'* If we know the vessel
radius R and the intravascular radial distributions of the RBC
velocity v(r;) and diffusion coefficient D(r;), we may write

Fp(t) = 4k3n*(1 — g)ND,, 7, (19)
2,5, NY,2 2

FV(T) = gkon (1 —g )vav s (20)
where

2 (R
D,, = F/o D(r)rdr, 20
and

2 (R
Voy = F/o v(r)rdr (22)

are the average values of D; and v;.
We can introduce another approximation when g is close to 1,
which is typically the case with scattering from the RBCs:

1 — gV =~ (1 - g)N. For example, for (g = 0.95; N < 4) the rel-
ative error of this approximation is <5%. We can finally write
Fp(t) = 4kgn?sl;' Dy, 7, (23)
Fy(r) = 3k0” Ll vy, (24)

where (1 — g)N ~ s/l and s is the photon path length through
the vessel.

3 Realistic Vascular Morphology

So far we have developed the expression for the autocorrelation
function g;(z) for a path length s through a single vessel

() =exp -3 F(0)| e

where F(7) = Fp(z) + Fy(7) and terms Fp(r) and Fy(r) are
given by Eqgs. (23) and (24), respectively.

In a realistic soft biological tissue, such as the brain cortex,
vessels of different diameters and average RBC velocities will
be present. We may first associate each vessel with the arterial,
venous, or capillary compartment. Each of these compartments
contains a population of vessels with different diameters and
average RBC velocities. For a path length s sufficiently long
through the tissue to probe all of these vessel types, we can write

F(7) = Fou(7) + Frein(7) + Fcap(T) + Fliss(7), (26)

where Fu(7), Fyein(7), Feap(7), and F(7) represent contribu-
tions from arterial, venous, capillary, and extravascular (i.e.,
tissue) compartments, respectively. They can be expressed as

February 2017 « Vol. 22(2)



Sakadzi¢, Boas, and Carp: Theoretical model of blood flow measurement by diffuse. . .

Ran.mﬂx
Fan(t) = R2n2sl5 e /R 5ui(R)AR

art,min

2

X {4Dav [R. Vartas (R)]7 + 5 Vit (R)rz}, 27)

Rvein.max
Fvein(T) = k(%’/ﬂ‘glt_r,lvascxe 5vein(R)dR

vein,min

2
X {4Dav [R, Uvein,av (R)]T =+ § U%ein,av (R)TZ}’ (28)

_ Vcap,max
Fcap (T) = k(z)nZSltr,lvascécap / pcap(vcap)dvcap
Vcap,min
2
X |:4Dav(vcap)7" + 3 UgapTz] ) (29)
and
Ftiss (T) = k%nzslt_rylﬁsséﬁss4DBT, (30)

where I, ;s is the transport mean free path in tissue. We assumed
that hematocrit is constant and that the transport mean free path
L vase 1n the vasculature is the same in all vessels. s and Gy
are volume fractions of the tissue and capillary compartments,
respectively. 8, (R) and 8¢, (R) are the densities of the volume
fraction of arteries and veins with radius R, respectively. For
simplicity, we neglected the radial differences between capilla-
ries and considered only their velocity distribution pey,(vcqp)-
We also neglected any potential velocity distributions in arteries
and veins with the same radius and assumed that the average
velocity in these vessels can be represented as a function of
the vessel radius [in general, v,y (R) # Vyeinay(R)]. Finally,
only Brownian motion characterized by the diffusion constant
Dy is considered in tissue.

Based on Egs. (27)—(30), we need a detailed knowledge of
the vascular morphology, RBC rheology, and Dy in tissue to
compute Fyr(7), Fyein(7), Feap(7), and Fyigs(7). This information
is not readily accessible, but it may be available in the
near future due to the current progress in experimental
techniques.'® Another factor to consider is how much our
model of diffusive RBC motion departs from reality in vessels
with a small diameter (<10 ym), which include capillaries, pre-
capillary arterioles, and postcapillary venules. Further measure-
ments and numerical modelings of the microvascular blood flow
and morphology may inform modifications of Egs. (27)—(30) to
better represent microvascular compartments.

In the following sections, we will show that some important
relations between the DCS measurements and blood flow can
already be deduced from Egs. (27)—(30).

4 Correlation Transfer and Diffusion
Equations

We start with an integral form of the CTE for scatterers experi-
encing diffusive, linear, or oscillatory motion'®~!

A r
1(0,0.0) = 1o, .5) 4 [ permieen

0

x/ p(ﬁ,le)<e-i1<r(rs>(fz-fz’)-mb<r)>
4r

X I(ry, Q' 7)d|r, — ro|dQ’, 31
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where I(r, Q, 7) is the time-varying-specific intensity at position
r and in direction given by the unity vector Q1 (r, f!, 7) repre-
sents an angular spectrum of the mutual coherence function, and
it should be noted that the temporal field correlation function
can be obtained as an integral of /(r, Q, 7) over all solid angles
Q. Iy(r, Q, 7) is the unscattered (coherent) time-varying-specific
intensity originating from the point ry at the boundary. The inte-
gral on the right side of the equation represents contributions of
time-varying-specific intensities /(r;, Q/, 7) from directions Q'
scattered into direction Q along the path from r to r at locations
r,. p(f!, Q') is a scattering phase function describing the prob-
ability of scattering from Q' into Q direction. We emphasize that
scattering coefficient u,(r) and extinction coefficient u(r) are
functions of position r in the inhomogeneous scattering
medium. Finally, <exp[—iKr(rS)(f2 - f!/) - Ary(7)]) is the
decorrelation contribution from the scatterer displacement
Ar(7) due to both diffusive and advective (linear) motion,
where () stands for the ensemble average. K, is given by
K, (r) = kon + 27Re[f(Q, Q)]p,(r)/(kon), where the second
term on the right side accounts for the reduction of the propa-
gation speed of the mean field due to multiple wave scattering,
p,(r) is the density of scatterers, f (flsc, flinc) is the optical scat-
tering amplitude from direction f!inc into direction f!sc, and Re[]
stands for the real value.

The scatterer displacement term at location r can be
expressed as Ar(z) = Arp(z) + v(r)z, where Arp(zr) is due
to either RBC diffusive motion inside the vessel or Brownian
motion of scatterers outside the vessel. RBC velocity v(r) is
not zero only inside the vessel. To perform ensemble averaging,
we will apply the same approximation from Sec. 2

A

(exp[—iK.(r,) (@ - Q') - Ar(7)))

1 PN
= exp —EF(rS,Q—Q/,T) , (32)

where

~ ~

F(r, Q- Q' 1) = ([K,(r,)(Q - Q') - Ary(7)]?). (33)

Following the steps from Sec. 2 (phase accumulation in
a vessel), it is easy to show that

F(r, Q- Q' 7) = K(r,)(Q - Q')*2D(r,)r
+RHr)[(@-Q) -v(r))?. (d

We can now follow the same procedure as in SakadZi¢ and
Wang?! to convert the integral form of CTE into a differential
CTE expression

= u, / p(Q, Qe -0 (r O 7)dQ’. (35)
4r

We can also allow for the source S(r, Q) in the medium and
write
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~ 0 R
<Qg+ﬂt>l(r,ﬂ,r)
=us/ P(Q, Q)22 (r O 1)dQ’ + S(r, Q).
4r

(36)

In the next step, we will derive an expression for the diffusion

correlation equation based on this CTE. We first apply the
standard approximation

I(r,Q,7) = icp(r )+

3
= —Q- (7). (37)

4

where ®(r, 7) is the temporal field autocorrelation function.

We proceed by replacing I(r, 2, 7) in Eq. (36) and perform-
ing the integral over € before and after multiplying Eq. (36)
with Q. To perform the integrations, we apply the following
approximation:

~

1 A 1 B _ O
exp —§F(I‘,Q—Ql,f) “1—§F(rv9—91’7)' (38)

This procedure yields the well-known expression for the
CDE
V[DVO(r, 7)] = [y + usy (r, 7)]@(r, 7) 4 So(r) = 0,

(39)

where Dy = (3u,)~", S = [, S(r, QdQ and plw(r,7)
is due to the phase dlfference accumulated along the unit
pathlength

1
:/’ls,Kr22DavT+:us/K2_v§v 2' (40)

/
/’ls l//(r’ T) 3

The average values of the scatterer’s diffusion coefficient D,, and
RBC velocity v,, should take into account heterogeneity of the
scattering medium on the scale ~I;, so uJy/(r, ) should in gen-
eral be calculated as 57! [Fy(7) + Fuyein(7) 4+ Fogp(7) + Fiiss (7)),
where Fo(7), Fuyein(7), Feap(7), and Fyg(z) are given by
Eqgs. (27)-(30).

5 Reflection Geometry

For a scattering medium with the known probability P(s) of a
photon path length s between source and detector, we can
express the autocorrelation function as

Gi(0) = [ Ps)exp [—%F(ﬂ} ds, (1)

where the integral is taken over all possible path lengths s.

In DCS, measurements are typically performed in a reflec-
tion geometry. For a semi-infinite medium with source—detector
separation p, diffusion theory provides the analytical expression
for the path length probability P(s). If we assume that F(z) is
linearly proportional to s, such as the case in Egs. (26)—(30),
G, (7) can then be expressed as

Gl (p7 T) _ G],O exp(_Krl) _ exp(—Krz) , (42)

r r

where
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2
K2 = 3papil + S F (), “3)
Fi(z) =F(r)/s, ri=+/p>+z5 rn=+/p"+(20+22)

20 = (o + )", zo=7y/u, ¥y =176, and Gy, is scaling

constant such that G(p,7) — 1 when 7 — 0.

5.1 Relative Importance of Diffusive and Advective
Red Blood Cell Motions

We now explore the relative importance of the Fp(7) and Fy(z)
terms. We consider a semi-infinite scattering medium and a DCS
measurement in a reflection geometry. For simplicity, we
assume p, = 0, Dy = 0, and only one vessel type is present
in the medium. We further assume that the RBC velocity follows
a parabolic radial profile inside the vessel

rm
R—m> : (44)

’U(V) = Vmax(l -
where m = 2 and V,, is the velocity at the vessel center. From
Goldsmith and Marlow,?® the RBC diffusion coefficient is
given by D(r) = ag|dv(r)/or|, where ay (typically around
107% mm?) is the shear-induced diffusion coefficient propor-
tionality constant. This allows us to write

m

=Vix——> 45
av max m Jr 2 ( )
rm—l
D(r) = aSSm Vmax’ (46)
Rm
2m \%4
D =" 4 max’ 47
av m + 1 aSS R ( )
* 2,271 2 5
F*(7) = kin®ly' 8yes | 4Dyt —|—§vavr , (48)

where we assumed that /,, = 1 mm in both the vasculature and
the tissue.

Good agreement between Eq. (42) and MC simulations for a
similar geometry was already demonstrated by Boas et al.!* It
was shown that for a range of R and V ,,, at p = 20 mm both the
advective and, respectively, the diffusive RBC motion contribu-
tions to G, () can be fit successfully with Eq. (48), providing
support for the derivations of the velocity terms in Sec. 2.2. It
was also shown that under the same conditions, diffusive RBC
motion almost exclusively determines the profile of G,(7).
While the summation of diffusive and advective motion
terms in Eq. (48) has been considered before,” we provided
a theoretical support for this assumption that does not assume
that uncorrelated optical phase increments accumulated along
the path.

Here, we further compare individual contributions of the diffu-
sive and convective RBC motions to the decay of G (r). Figure 1
shows G((z) due to Fp(r), Fy(r), and Fp(r)+ Fy(z) for
Vmax = 2 mm/s, a vascular volume fraction 8., = 2%, and a
range of vessel radii and source—detector separations. In all
cases, term Fp(z) strongly dominates the expression for G (z),
in agreement with prior experimental observations'"'> and our
prior MC simulations.'* While increasing the vessel radius and
decreasing the source—detector separation both lead to the
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p=5mm, R=7um

p=5mm, R=15um

p=5mm, R=40 um

0.8

0.6

0.4
—— Diffusion
0.2 = == == Advection
° Combined

p=20mm, R=7um

p=20mm, R=15um

G,(1)

7(s) T(s)

Fig. 1 Comparison of the individual contributions of diffusive RBC motion (red line) and advective RBC
motion (blue dashed line) to the total autocorrelation function (black dots) for different values of vessel

diameter and source—detector distance.

increased importance of the advective RBC motion, even for the
short source—detector separation (p =5 mm) and large vessel
radius (R = 40 um), G, () is still largely determined by the dif-
fusive RBC motion. Extrapolation of the results for the smallest
source—detector separation in Fig. 1 suggests that advective
RBC motion may potentially dominate the laser speckle flowmetry
signal, especially for larger vessels, such as the ones considered by
Kazmi et al.>*

6 Conclusion

We have presented a set of theoretical derivations for DCS mea-
surements that take into account both diffusive and correlated
advective scatterer motion and obtained results in agreement
with our previous MC simulation study. We also provide expres-
sions for considering realistic vascular morphologies and flow
profiles and for linking DCS measured motion parameters with
actual blood flow. Finally, we provide expressions for the cor-
relation transfer equation and correlation diffusion equation in
this context. These general equations may be used to model
DCS measurements in the more complex, realistic configura-
tions of tissue, optical sources, and detectors, as well as the
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realistic distributions of both morphological parameters and
blood flow in vascular segments.
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