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ABSTRACT. To observe the polarimetric properties of an uncharacterized infrared transmitting
material (IRTM) under various mechanical forces, a Mueller matrix (MM) imaging
experiment was augmented with a force apparatus. Principal stress fields were
computed from both finite element and closed-form models and spatially aligned
with images of birefringence. The slope of the linear relationship between birefrin-
gence and principal stress difference is the stress optic coefficient. We discussed
the advantages of MM polarimetry for stress optic coefficient measurements. First,
no assumptions about the sample’s optical properties are necessary. Second,
experimental deviations from the intended in-plane stress field can be identified.
Third, independent pixels, over a small but appreciable range of stress values, can
be selected to quantify experimental variation and improve statistical significance.
To validate our experimental procedures, an N-BK7 sample was characterized at
room temperature and compared with the industry-accepted value of 2.77 TPa−1 �
3% at 589.3 nm. To our knowledge, this is the first report on the stress optic
coefficient of N-BK7 in the infrared, which was observed as 2.764� 0.1526 TPa−1.
The IRTM stress optic coefficient was observed to be 1.948� 0.1197 TPa−1.
Experimental sources of uncertainty are discussed and quantified.
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1 Introduction
The stress optic coefficient characterizes the linear relationship between the magnitude of
induced birefringence and the internal stress of an optical element. Therefore, the stress optic
coefficient of a material is useful for anticipating changes in optical properties under various
mechanical and thermal operating environments.1–5 Mueller matrix (MM) polarimetry is a tool
for measuring stress optic coefficients that does not require assumptions about the sample’s opti-
cal properties and can identify experimental deviations from the intended applied force.
However, stress optic coefficient measurements do not typically employ MM polarimetry.
The simplest and most popular experimental approach is rotation of polarization components
to orientations that achieve minimum and maximum transmission.6–8 These orientations uniquely
quantify the stress optic coefficient when the sample is a pure linear retarder. MM polarimetry
does not necessitate this assumption because all polarimetric properties of a sample are mea-
sured: retardance, diattenuation, and depolarization. The linear retardance assumption can be

*Address all correspondence to Meredith Kupinski, meredith@optics.arizona.edu

Optical Engineering 094104-1 September 2024 • Vol. 63(9)

https://orcid.org/0000-0002-8016-4667
https://doi.org/10.1117/1.OE.63.9.094104
https://doi.org/10.1117/1.OE.63.9.094104
https://doi.org/10.1117/1.OE.63.9.094104
https://doi.org/10.1117/1.OE.63.9.094104
https://doi.org/10.1117/1.OE.63.9.094104
https://doi.org/10.1117/1.OE.63.9.094104
mailto:meredith@optics.arizona.edu
mailto:meredith@optics.arizona.edu
mailto:meredith@optics.arizona.edu


violated by out-of-plane stresses due to mounting misalignment and/or force application. The
presence of elliptical retardance in an MM measurement can be used to identify these exper-
imental artifacts. Furthermore, the precision of the observed linear retardance can be improved
by increasing the quantity of measurements to over-determine the Mueller reconstruction.9

For a given loading condition, the induced stress field is expected to be inhomogeneous
across the sample. Imaging this birefringence pattern allows for a comparison between the
assumed and observed stress patterns. Therefore, imaging the spatial distribution of the MM
offers further advantages in quantifying the stress optic coefficient and assessing experimental
conditions. The linear birefringence image can be aligned with simulated stress values, thereby
eliminating the need to assume uniform stress. Imaging can also identify defects and regions of
residual stress within the sample.

Birefringence, also known as double refraction, is the optical property of a material having a
refractive index that depends on the polarization and propagation direction of light. When light
passes through a birefringent material, it splits into orthogonal polarizations of varying propa-
gation directions. These polarizations experience unique refractive indices, resulting in different
optical path lengths (OPDs). The dependence of OPD on polarization is referred to as retardance
and can be reported in degrees, radians, lengths, or waves. In this work, linear retardance is
reported in units of degrees. The wavelength λ is set to 1550� 0.1 nm, and the sample thickness
is measured with calipers to within �0.025 mm.

Stress from external forces causes deformations in the atomic arrangement of the material.
These deformations cause a discernible birefringence to be induced depending upon the mech-
anical properties of the materials. The birefringence is linearly proportional to the difference in
principal stress for small deformations. The induced optic axis is along the line of action of the
applied force. Therefore, any light that is not propagating collinearly with the line of action will
experience retardance. For small elastic deformations in which Hooke’s law holds, the magnitude
of stress-induced birefringence, Δn, is given by the simple linear relation Δn ¼ Cðσ1 − σ2Þ,
where C is the stress optic coefficient and σ1 and σ2 are the first and second principal stresses,
respectively.1–3,10 Here, the sample is assumed to be in the xy-plane, with light propagating
along the z-axis and the line of action along the y-axis. For many common optical materials,
the stress optic coefficient is on the order of 10−12 Pa−1 and is reported in units of inverse ter-
apascals ðTPa−1Þ.2,4,5,7 In this linear regime, plotting the measured birefringence as a function of
the difference between the first and second principal stresses provides the stress optic coefficient
as the slope.

Experimentally measuring the stress optic coefficient requires a series of retardance measure-
ments at various loading forces. In this work, the stress optic coefficient of an infrared transmitting
material (IRTM) at room temperature was measured with a 1550-nm laser source. A 1-in. diameter
disk of sample material was diametrically loaded with increasing force, and the spatial distribution
of linear retardance was imaged. Both finite element and closed-form analytical models were used
to evaluate the stress fields of various loading conditions. A rotating retarder MM imaging polar-
imeter measured the spatial distribution of linear retardance. The measured retardance was con-
verted to birefringence, and the region of interest (ROI) was aligned with the simulated principal
stress field. The stress optic coefficient of the IRTM was measured to be 1.948� 0.1197 TPa−1.
To test the precision of our stress optic coefficient measurement procedure, a sample of N-BK7
with similar dimensions was measured and compared with industry-accepted values. The stress
optic coefficient of N-BK7 at 1550 nm was measured as 2.764� 0.1526 TPa−1.11 The published
N-BK7 value measured at 589.3 nm is 2.77 TPa−1 � 3%.8,12

2 Stress Application and Modeling
Stress fields resulting from applied forces are a well-characterized phenomenon.13–17 The loading
case relevant to this work is a cylinder loaded with a diametrically opposed concentrated force
and a plane stress approximation. This approximation is valid when the thickness of the sample
under test (SUT) is much smaller than its diameter and the force is distributed along the entire
thickness. Furthermore, the z-axis stress is decoupled from x and y for light propagating along the
z-axis, allowing the assumption of zero stress in the z-direction.7 In Cartesian coordinates, the
stress fields for a diametrically loaded cylinder are
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where r is the SUT radius, and f is the loading force in Newtons ðNÞ.13,14,17,18 Generally, when an
optic is subjected to compressive forces, the resulting stress increases the refractive index for
polarized light oriented parallel with the line of action. Conversely, tensile stresses decrease the
index. In this work, the polarization orientation is defined such that horizontal polarization is
along the x-direction, which is orthogonal to the line of action under the given loading condition
and thus experiences tensile stresses.4 The refractive index in the y-direction is expected to increase,
thereby making this direction the slow axis. The index in the x-direction may decrease slightly or
have no observable change, thus making this the fast axis. The index change in the z-direction will
have no effect on the incident signal in accordance with the plane stress approximation.7

In this work, the stress fields were simulated with both an analytical model and finite
element analysis (FEA). Both methods of modeling the expected stress field produce identical
results. This redundant modeling effort is done out of an abundance of caution. Figure 1 shows
the stress fields for normal [Eqs. (1) and (2)] and shear [Eq. (3)] components from both
closed-form expressions and the FEA simulation. The principal stress components are calculated
from the normal and shear stress fields
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Here, σ1 is the orientation of maximum compressive stress, and σ2 is the minimum. Therefore, σ1
is the orientation of the slow axis, and σ2 is the fast axis. The orientation of σ1 is
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�
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Figure 2 shows the principal stresses and orientation of maximum stress from both the
closed-form analytical model and the FEA simulation. From these simulations, a linear equation
was fit to the difference in principal stress as a function of applied force. This linear equation was
used to interpolate stress values at intermediate force values. In Fig. 3, the predicted retardance
magnitude and orientation of N-BK7 were computed from the stress models and prior reports of
the stress optic coefficient. This prediction is used to validate our experimental methods so that a
SUT of unknown stress optic coefficient can be characterized.

3 Near-Infrared Mueller Matrix Imaging System
The near-infrared polarimeter (NIRPOL) primarily comprises a collimated source, reference
detector, polarization state generator (PSG), polarization state analyzer (PSA), and camera [see
Fig. 4(a)]. The PSA and PSG each contain a static commercial off-the-shelf linear polarizer (LP)
and a rotating custom true zero-order λ∕3 waveplate. To remove the source power fluctuation
effects, a reference detector is used prior to the PSG. A He-Ne laser is used to ensure all optical
elements and each SUT are oriented at normal incidence to the source beam. The camera is an
InGaAs detector with an adjustable focal length lens. It is mounted at a 90-deg angle, effectively
rotating the measurement frame. A rotation has been applied for all subsequent measurements to
orient the line of action vertically. Stress-induced birefringence is usually spatially dependent
across a sample.2 For this reason, the imaging capabilities of NIRPOL are important to select
a region of uniform linear retardance magnitude and the expected retardance orientation relative
to the line of action (see Fig. 5). Furthermore, any residual stress or manufacturing defects in the
material would be observable in the measured retardance distribution. More information on the
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NIRPOL instrument and component specifications can be found on the open science framework
(OSF) project page.19

To apply stress during the measurement, a simple fixture was created to support weight and
load the sample in compression with increasing force [see Fig. 4(b)]. The sample was com-
pressed between a weight-supporting platform and a precision load cell, which reads the applied
force. Some samples were measured at forces as low as 5 N; however, large uncertainties and
non-linear effects were observed at such low forces. For this reason, low-magnitude forces were

Fig. 1 Comparison of normal and shear stress fields for the closed-form solution (left column) and
the FEA model (right column) under 357.75 N loading condition. Distance axes are in millimeters
and clipped to exclude extreme values near the contact points. (a) Stress field for σxx . (b) FEA
stress field for σxx . (c) Stress field for σyy . (d) FEA stress field for σyy . (e) Stress field for τxy . (f) FEA
stress field for τxy .
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abandoned, leaving five values: 191, 244, 280, 326, and 357N. A zero-load measurement was
taken for each SUT to inspect residual stress from the manufacturing process.

4 Polarimetric Data Processing
NIRPOL measures a sequence of 64 images at varying PSG and PSA configurations. The fast
axis orientations of the PSG and PSA retarders rotate over the measurement sequence.20 These 64

Fig. 2 Comparison of principal stress fields and their orientation for the closed-form solution (left
column) and the FEA model (right column) under 357.75 N loading condition. Distance axes are in
millimeters and clipped to exclude extreme values near the contact points. (a) Stress field for σ1.
(b) FEA stress field for σ1. (c) Stress field for σ2. (d) FEA stress field for σ2. (e) Principal stress
orientation θp . (f) FEA principal stress orientation θp .
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Fig. 4 (a) NIRPOL instrument layout: (1) integrating sphere with adjustable aperture and collimat-
ing lens, (2) beamsplitter for reference detection and He-Ne alignment laser, (3) reference detec-
tor, (4) PSG, (5) sample space with force application fixture, (6) PSA, (7) InGaAs camera and
imaging lens, and (8) He-Ne alignment laser. (b) Fixture for diametric loading: (1) precision load
cell for reading force, (2) SUT within the yellow circle, (3) optical posts as guide rails to prevent
tilting or twisting, and (4) platform for supporting stress-inducing load.

Fig. 3 Principal stress differences and simulated retardance distribution for N-BK7 from closed-
form model (left column) and FEA model (right column). The retardance values assume
λ ¼ 1550 nm, C ¼ 2.77 TPa−1, and t ¼ 2.17 mm. (a) Stress field for σ1 − σ2. (b) FEA stress field
for σ1 − σ2. (c) Simulated retardance, δ°. (d) FEA simulated retardance, δ°.
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measurements create a system of linear equations that relate the images to the 16 MM elements.
The pseudo-inverse of this over-determined linear system reconstructs the MM. For the n’th
measurement in the sequence of 64 measurements, the MM of the PSG and PSA are
Gn ¼ LRðn × 5.625þ θg; δgÞLPð0Þ and An ¼ LPðθLPÞLRðn × 5.625 × 4.91þ θa; δaÞ. Here,
the MM of an ideal linear polarizer is LP, and LRðθ; δÞ is a linear retarder with θ fast axis and
δ magnitude. The orientation of the PSG linear polarizer is 0 deg by definition and defines the
frame of reference. All subsequent axis orientations are defined relative to this axis. The orien-
tation of the PSA linear polarizer is θLP. The fast axis orientations for the PSA and PSG retarders
prior to rotation (i.e., n ¼ 0) are denoted θa and θg, respectively. The PSA and PSG retardance
magnitudes are given by δa and δg, respectively. The PSG retarder rotates 5.625 deg between n
and nþ 1 of the measurement sequence. The PSA retarder rotates 4.91 times the rate of the PSG
retarder or 27.62 deg among consecutive measurements.

4.1 Polarimetric Calibration
In the lab frame of reference, the LP transmission axis for the PSG is approximately horizontal or
parallel to the optical bench depicted in Fig. 4(a). The precise orientation of the LP is not impor-
tant, as it defines 0 deg for the experiment. The linear polarizer of the analyzer is aligned with its
transmission axis parallel to the PSG LP but not strictly defined as 0 deg to allow for error cor-
rection in calibration. Both retarder fast axes at n ¼ 0 are aligned to be parallel to the PSG LP
transmission axis but also left as a calibration fit parameter to allow for alignment correction. The
waveplates are custom true zero-order λ∕3 achromatic elements with a design wavelength of
1550 nm. The retardance magnitude of these elements is also a calibration fit parameter. A sam-
ple inserted between the PSA and PSG yields an n’th configuration given by Mn ¼ AnMGn,
where M is the MM of the sample. The instrument is calibrated by measuring air, which is
expected to produce an MM approximately equal to an identity matrix, and thus, deviations from
unity are attributed to instrumental errors.2,9,20 A least squares fit is performed to calculate
θLP; θa; θg; δa and δg. Alternate calibration techniques involve the measurement of a sample with
known diattenuation or known retardance.21 This eigenvalue calibration approach provides sev-
eral advantages, most notably, a functional form of the PSA and PSG is not required. Calibration
using a least squares fit to air is limited by the assumed PSA and PSG models, which would be
violated by finite diattenutation of the polarizers, component inhomogeneity, and shift-variant
polarization aberrations of the imaging optics.

4.2 Linear Retardance Analysis
Lu–Chipman decomposition is performed on the measured Muller matrix to express it as a com-
pound element of pure depolarization ðMΔÞ, pure retardance ðMRÞ, and pure diattenuation ðMDÞ,
in the order-dependent sequence of M ¼ MΔMRMD.

22 Other MM decomposition methods are
available, and the appropriate physical assumptions can dictate a choice.23 Stress-induced bire-
fringence is expected to produce only linear retardance so the simplicity of the Lu–Chipman
decomposition is employed. Figure 5 shows that the circular retardance of the SUT is two orders
of magnitude lower than the linear retardance. Therefore, the total retardance is assumed to be

Fig. 5 (a) Histogram of ROI linear retardance: histogram of linear retardance within a red circular
ROI of 673 pixels in Fig. 10. (b) ROI retardance statistics: statistics of the retardance components.
The total retardance magnitude is 20.6401 deg and the linear retardance is 20.6410 deg.
Therefore, the plane stress approximation is employed to neglect circular retardance in the stress
optic coefficient analysis.

Parkinson et al.: Mueller polarimetry for quantifying the stress optic coefficient. . .

Optical Engineering 094104-7 September 2024 • Vol. 63(9)



strictly linear retardance and is calculated from only the horizontal and 45-deg retardance com-

ponents, δ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2H þ δ245

q
.

The total retardance magnitude is repeatedly computed from three separate trials for each
force magnitude. To calculate the sample statistics on birefringence, the retardance mean and
standard deviation within the ROI are averaged over the three trials
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Here, δk and εk are the mean and standard deviation of linear retardance in a selected region for
the k’th trial, respectively. To simplify the propagation of birefringence error, the retardance is
converted from degrees to waves
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and then to length
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where δλ is the retardance in length, and ελ is the uncertainty in wavelength, set to 0.1 nm in this
work. Finally, the average birefringence and standard deviation are
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4.3 N-BK7 MM Images
The MM image of a 2.17-mm-thick N-BK7 under a 357.75-N compressive force is shown in
Fig. 6. The MM is decomposed, and linear retardance is extracted following the methods outlined
in Sec. 4.2. Figure 7 shows the depolarizer, retarder, and diattenuator matrices given by the Lu–
Chipman decomposition. Here, the depolarizer and diattenuator matrices are proportional to an

Fig. 6 Normalized MM image of uncoated N-BK7 at 357.75N of force in NIRPOL polarimeter. The
line of action is approximately vertical and centered on the SUT.
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identity matrix. This decomposition indicates that the stressed sample’s depolarization and dia-
ttenuation are negligible. The MM in the vicinity of the contact points is approximately a quarter-
wave linear retarder with a horizontal fast axis. The loading force is applied in a vertical direction.
Therefore, the slow axis is expected to be vertical. Depolarization and diattenuation in the MM
images are neglected in the stress optic coefficient computation. Figure 8 reports the spatial dis-
tribution of these values where the average diattenuation is ≈3% and the average depolarization
index is ≈96% around the SUT edge.

4.4 Spatial Alignment of Stress to Retardance
Extracting the stress optic coefficient requires precise alignment of the simulated stress fields
with the retardance images. Both the measured retardance and principal stress difference are
smoothly varying patterns that lack strong features. The alignment was performed manually
in two steps. The first step was translating the central values of the three independent trials.
As the SUT was mounted and unmounted among trials, the adjustments among them were
restricted to translations only. Images were considered properly translated when the variation
of the mean image was minimized and uniform. Figures 9 and 10 show the measured retardance
for N-BK7 under 357N of loading force for untranslated and translated images, respectively.

The next alignment step was scaling the simulated stress patterns to match the pixel dimen-
sion of the retardance images. This unitless scale factor was simply determined as the ratio of
pixel quantities between the SUT radius and the half-width of the entire image. The scale factor
either compresses or expands the stress pattern to match a given retardance image. The figure of
merit for the scale factor was uniformity of the stress optic coefficient image within the red

Fig. 7 Lu–Chipman decomposition on the measured MM images from Fig. 6.

Fig. 8 (a) Depolarization index extracted from the pure depolarizer matrix where a value of 1.0
indicates a non-depolarizing element. (b) Diattenuation magnitude from the pure diattenuator MM
in Fig. 7.
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circular ROI. Results of improper stress field scaling on stress optic coefficient images are pre-
sented in Fig. 11. When the stress field is over-scaled, lower stress values from the central region
of the stress field are mapped to larger retardance values, producing a concave-up pattern along
the line of action with a minimum at the center of the SUT, as shown in Fig. 11(a). When the
stress field is under-scaled, larger stress values from the contact region of the stress field are
mapped to smaller retardance values, producing a concave-down pattern along the line of action
with a maximum at the center of the SUT, as shown Fig. 11(b).

The stress optic coefficient images with properly aligned intermediate images and stress
field are presented in Fig. 12 for N-BK7. An ROI near the center was chosen for analysis due
to the slowly varying stress magnitude, which offers less sensitivity to alignment between the
measured retardance and the simulated stress. Furthermore, NIRPOL’s collimation produces a
Gaussian illumination profile, thus lowering the polarimetric dynamic range near the edges of the
illuminated region and decreasing SNR in this area. The red circular ROI in Fig. 12 shows higher
uniformity and lower variance in the stress optic image.

The 673 ROI pixels are plotted at five color-coded loading forces in Fig. 13 to calculate
the stress optic coefficient from linear regression. The R-squared coefficient between the prin-
cipal stress differences and the birefringence is 0.9961, which indicates excellent agreement
with a linear model. The slope of the linear fit produces a stress optic coefficient of
2.764� 0.1526 TPa−1, which is within the value reported by Schott of 2.77 TPa−1 � 3% as
measured at 589.3 nm.

Fig. 9 N-BK7 retardance images before translation. (a) Mean retardance and (b) standard
deviation over three independent trials that were mounted and unmounted. The mean image is
noticeably off-center, and the standard deviation is less uniform compared with the translated
results in Fig. 10.

Fig. 10 N-BK7 retardance images after translation. (a) Mean retardance and (b) standard
deviation over three independent trials.
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5 IRTM Results
The stress optic coefficient of the IRTM sample has not been previously characterized. After the
N-BK7 validation experiment, the same procedures were repeated, and the IRTM birefringence

Fig. 12 (a) Mean value and (b) standard deviation for the stress optic coefficient of the N-BK7.
The red circular ROI is used for the linear fit analysis in Fig. 13. This ROI is more uniform with
lower variance compared with the SUT edges.

Fig. 13 N-BK7 birefringence versus principal stress difference within the red circular ROI in Fig. 12.
Data are averaged over three independent trials and five loading forces, which are color-coded.
The slope of the linear fit produces a stress optic coefficient of 2.764� 0.1526 TPa−1, which is
within the value reported by Schott of 2.77 TPa−1 � 3% as measured at 589.3 nm.

Fig. 11 Stress optic coefficient images. (a) C with over-scaled stress field: the stress field that
has been stretched beyond the SUT dimensions. (b) C with under-scaled stress field: the stress
field has been compressed smaller than the SUT dimensions. The line of action is vertical, and
the high contact point stress is misaligned out of the field of view in panel (a) and too close to the
center in panel (b).
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versus principal stress difference is reported in Fig. 14. For both N-BK7 and IRTM, the R-
squared values exceed 0.99, indicating the expected linear relationship. An IRTM stress optic
coefficient was produced by repeating this linear fit for each pixel (see Fig. 15).

6 Conclusions and Future Work
This work was conducted to observe the stress optic coefficient of an unstudied IRTM. The stress
optic coefficient is vital for anticipating the optical properties of a material in various mechanical
and thermal operating environments. To validate our experimental methods, the stress optic coef-
ficient of N-BK7 was measured at 1550 nm and was within the uncertainty of Schott’s reported
value measured at 589.3 nm. To our knowledge, this is the first report on the infrared stress optic
coefficient of N-BK7. The spectral invariance of the N-BK7 stress optic coefficient validates the
experimental methods and force apparatus developed to characterize the unstudied IRTM. The
IRTM stress optic coefficient was measured to be 1.948� 0.1197 TPa−1.

The following three advantages for MM imaging polarimetry to quantify the stress optic
coefficient have been demonstrated: assumptions of pure linear retardance were not required.
Small effects on the measurement due to depolarization and diattenuation were disregarded using
a MM decomposition. Second, a comparison between the expected and observed stress fields
was used to align the images and select a region with low stress variation. Any unexpected stress
due to out-of-plane stresses from mounting or manufacturing defects can also be identified.
Finally, independent pixels from the aligned retardance image, over a small but appreciable range
of stress values, were used to quantify experimental variation and improve statistical significance
of the reported stress optic coefficient.

Fig. 14 IRTM birefringence versus principal stress difference within the red circular ROI in Fig. 15.
Data are averaged over three independent trial runs and five loading forces, which are color-
coded. The slope of the linear fit produces a stress optic coefficient of 1.9480� 0.1197 TPa−1.

Fig. 15 Images of the IRTM stress optic coefficient. (a) Mean value and (b) standard deviation ofC
for the IRTM. The red circular ROI is used for the linear fit analysis in Fig. 14.
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Code and Data Availability
Measurements for the N-BK7 sample are available on the polarization lab OSF web page.19,24 The
code to read in the raw Mueller matrix can also be found in the site wiki.24 Data for IRTM samples
are not shared due to ITAR restrictions.
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